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POSITIVE ENERGY REPRESENTATIONS 
FOR LOCALLY FINITE SPLIT LIE ALGEBRAS 


TIMOTHEE MARQUIS* AND KARL-HERMANN NEERt 


Abstract. Let g be a locally finite split simple complex Lie algebra of type Aj, Bj, Cj or Dj and 
1) C g be a splitting Cartan subalgebra. Fix D G der(g) with f) C ker D (a diagonal derivation). 
Then every unitary highest weight representation (px, V^) of g extends to a representation px of the 
semidirect product g X! CD and we say that px is a positive energy representation if the spectrum of 
—ipx{D) is bounded from below. In the present note we characterise all pairs (A, D) with A bounded 
for which this is the case. 

If Ui{'H) is the unitary group of Schatten class 1 on an infinite dimensional real, complex or 
quaternionic Hilbert space and A is bounded, then we accordingly obtain a characterisation of those 
highest weight representations tt;, satisfying the positive energy condition with respect to the con¬ 
tinuous K-action induced by D. In this context the representation vr;, is norm continuous and our 
results imply the remarkable result that, for positive energy representations, adding a suitable inner 
derivation to D, we can achieve that the minimal eigenvalue of px{D) is 0 (minimal energy condition). 
The corresponding pairs (A, D) satisfying the minimal energy condition are rather easy to describe 
explicitly. 


1. Introduction 

Locally finite split Lie algebras are natural infinite-dimensional generalisations of finite-dimensional 
Lie algebras. More precisely, a Lie algebra g over a field K of characteristic zero is called split if it 
has a root decomposition g = f) + 0“ with respect to some maximal abelian subalgebra h- It is 

moreover locally finite if every finite subset of g generates a finite-dimensional subalgebra. Such a Lie 
algebra g possesses a generalised Levi decomposition (see |Stu99) L whose Levi factor is an f)-invariant 
semisimple Lie algebra. In turn, the infinite-dimensional locally finite split simple Lie algebras have 
been classified (see [NSOIj L and can be realised as subalgebras of the algebra g[( J, K) of J x J matrices 
with only finitely many nonzero entries, for some infinite set J. They fall into four distinct families of 
isomorphism classes, parametrised by the locally finite root systems of type Aj, Bj^ Cj and Dj (see 
fLN04] L 

On the other hand, a locally finite split simple Lie algebra g is the directed union of its finite¬ 
dimensional simple subalgebras l [Stu99[ Section V]). Unitary highest weight representations for such 
Lie algebras over K = C were studied in [Nee98] . By |Stu99l Section VIII], g carries an antilinear 
involutive antiautomorphism X i—>■ X* such that gR = {X G g | X* = —X} is a compact real form, 
that is, gR is a union of finite dimensional compact Lie algebras. A g-module V is then called unitary if 
it carries a contravariant positive definite hermitian form (•, •), in the sense that {X.v,w) = {v,X*.w) 
for all v,w € V, X € Q. A g-module V = is called a highest weight module with highest weight 
A G [)* (with respect to some positive system A+ C A of roots) if it is generated by some primitive 
element, that is, by some (i-weight vector v G V with weight A such that Qa-v = {0} for all a G Aq_. 
Unitary highest weight modules for g were classified in [Nee98) , and correspond to dominant integral 
weights A. Moreover, if lU < GL(()*) denotes the Weyl group of g, the set Vx of h-weights on is 
given by V\ = conv(IU.A) fl (A -|- Z[A]) ( |Nee98[ Theorem 1.11]). 

In this paper, we characterise the unitary highest weight representations of g satisfying the follow¬ 
ing “positive energy condition”. A skew-hermitian derivation D G der(g) of g is called graded if it 
annihilates t), in which case D preserves the root spaces of g. Such a derivation is then described by a 
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character x: Z[A] —>■ R such that D{xa) = ix{ct)xa for all € 0 q, a € A. Any unitary highest weight 
representation p\: q ^ End(y'^) of g may be extended to a representation p a : 0 x —>■ End(E^) 
by setting p\{D)v^ = ixil^ — for any p £ V\ and any weight vector of weight p. The 

representation px is called a positive energy representation if the spectrum of H := —ip\{D) is bounded 
from below. We call H a Hamiltonian of the representation px. 

In view of the above description of Vx, the positive energy condition can then be rewritten as 

inf x(VF.A — A) > —oo. 

Let J be an infinite set such that A is of one of the types Aj, Bj, Cj or Dj. Then there exists some 
basis (ej)j^j of f) (respectively a one-dimensional extension of [}) indexed by J such that the set of 
coroots A^ = {a^ | a £ A} (see [Stu991 Section I]) is contained in spa.n^(e while A is contained 
in the Z-span of the linearly independent system C ()* defined by ej{ek) = Sjk for all j,k £ J 

(see |NS01[ Section I and Theorem IV. 6 ]). 

We recall that the weight A G ()* is called integral if A(q;^) £ Z for all a £ A. This implies in 
particular that A is discrete, in the sense that {Aj := A(ej) | j G J} is a discrete subset of R. We 
moreover call A bounded if supjgj |Aj| < oo. Finally, a character x' > R is said to be summable 

if it is the restriction of a homomorphism x'- span 2 (ej)jgj —> R satisfying 

< oo- 

We can now state the main result of this paper, which provides a characterisation of the positive energy 
highest weight representations of 0 with bounded highest weight. 

Theorem A. Let (g, ()) be a locally finite split simple Lie algebra with root system A and Weyl group 
W < GL(f)*). Let A G f)* be discrete and bounded. Then for a character x- ^[^1 the following 

are equivalent: 

(1) inf x(lA.A — A) > —oo. 

(2) X = Xmin + Xsum for some “minimal energy” character Xmin; satisfying inf Xmin(lA.A — A) = 0, 
and some summable character Xsum- 

We also provide a description of “minimal energy” characters (see Pronosition lS.dl and Remark l5.9ll . In 
[HNI21 Corollary 3.2] a similar description of the “minimal energy” characters was obtained by Coxeter 
geometry. A priori, these can be described much more easily than the “positive energy” characters 
and the main point of the theorem is that it reduces the latter problem to the former. The proof of 
Theorem [Alls given in Section]^ below. 

The assumption that the highest weight A be bounded in Theorem is motivated by the study 
of positive energy (projective) unitary representations of the corresponding Lie groups, which we now 
briefly review. We then state a corollary of Theorem lAl in this context. 

The real form gR of the locally finite split simple Lie algebra g is endowed with an invariant scalar 
product (-, •), in the sense that {[X, Y],Z) = {X, [F, Zf) for all X,Y,Z £ gR. For instance, if g = s[( J, C) 
is the subalgebra of g[(J, C) of traceless matrices, it is given by (X,Y) = tr(XY*). The Hilbert space 
completion t of gR is then a so-called Hilbert-Lie algebra, that is, a real Lie algebra and a real Hilbert 
space with compatibility of the two structures given by the invariance of the scalar product. For 
g = s[(J,C), the corresponding completion is the space U 2 {'H) of skew-symmetric Hilbert-Schmidt 
operators on the complex Hilbert space H = £'^{J,C). 

By a theorem of Schue l |Sch61| L Hilbert-Lie algebras decompose into an orthogonal direct sum of 
simple ideals (and center). Moreover, each simple infinite-dimensional Hilbert-Lie algebra is isomorphic 
to U 2 {'H), for some infinite-dimensional real, complex or quaternionic Hilbert space H. These are, in 
turn, classified by the locally finite root systems (see |Neel2[ Examples C.4,5,6]). 

Going back to our example g = s[(J,C), we let px'- g ^ End(V^) be, as before, a unitary highest 
weight representation of g with highest weight A. Then, under the assumption that A is bounded, 
the restriction of px to gR extends to a continuous unitary representation px'. Ui{'H) -£ uifHx) with 
IIpaII < supjgjjAjl, where Ui['H) C U 2 (H) denotes the Banach space of skew-hermitian trace-class 
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operators on % and T-Lx is the Hilbert space completion of (see [Nee981 Proposition IIL7]). Moreover, 
if Xj G Z for all j € J, then px exponentiates to a holomorphic representation 

px: Ui{n)^u{nx) 

from Ui{H) = GL(77) fl (1 + Ui(’H)) to the unitary group UiJ-Lx)- 

Assume now that the Lie group G = Ui{'H) is endowed with a continuous R-action, given by a 
homomorphism a: R —>■ Aut(G) : 1at- If C/: R —>■ U{'Hx) : 1Ut is a unitary representation of R 
on Ha, then the map 

tta: G xia R-t C/(Ha) : (ff, t) pA(ff)t/t 

is called a covariant unitary representation of (G, R, a) if it defines a unitary representation on Ha of 
the semi-direct product G x „ R. This representation is said to be of positive energy if the spectrum of 
the corresponding Hamiltonian H := —i-^\t=oUt is bounded below. 

In our setting, one can show that a must be of the form 

(1.1) atia) = 

for some self-adjoint bounded operator A £ A sufficient condition for px to extend to a covariant 

representation of (G, R, a) is the diagonalisability of A: in this case, choosing the orthonormal basis 
{ej)j^j of H so that Aej = djCj for all j £ J, for some dj £ R, one gets a covariant representation tta 
as above by setting 

Utvx = vx and Utv^ = 

for any t G M., p, € Vx and any /r-weight vector £ Ha, where y: Z[A] —>■ R is the character induced 
by the assignment Cj i— dj. Comparing this situation with Theorem]^ we see that the decomposition 
X = Xmin + Xsum in this theorem corresponds to a decomposition A = Amin + Agum of A as a sum of two 
commuting (simultaneously diagonalisable) operators Amin,Asum £ B{'H) such that iAgum G Ui(H), 
and such that Amin yields a minimal energy representation tta, in the sense that the corresponding 
Hamiltonian Hmin is non-negative (with eigenvalue 0 on the highest weight vector vx). Writing a™™ 
and for the R-actions on G induced by Amin and Agum respectively, this implies that at differs 
only from a™™ by an inner automorphism a™™ of G commuting with at and a™'" (t £ R): in this 
case, we will say that the corresponding covariant representations of G x R and G x cjmin R are similar. 
Thus Theorem lAl has the following corollary: 

Corollary B. Let G = C/i(H) be endowed with a continuous ]S.-action a: R —>■ Aut(G), given by 
at{g) = e**^(;e“**^ for some self-adjoint bounded operator A £ BifH). Assume that A is diagonalisable. 
Then every positive energy covariant unitary representation tta : G x^ R —>■ U{TLx) of (G,R, a) as 
defined above is similar to a minimal energy representation. 

Finally, one can show that the highest weight representation px'. Ui{'H) UifHx) extends to a 
projective unitary representation t/ 2 (H) —S' PU{Hx) of the Hilbert-Lie group 

C/ 2 (H) = GL(H) n (1 -bU 2 (H)), 

and hence to a unitary representation on Ha of a central extension C/ 2 (H) of t/ 2 (H), given at the Lie 
algebra level by the cocycle w(A, Y) = iA([Ar, F]) for X,Y G U 2 (H), where we extend A in a natural way 
to a continuous linear functional on Ui(H) which contains [^, F] (see [NeelSj l. Since the continuous 
R-action dm on U 2 (TL) lifts canonically to the central extension, the corresponding notion of positive 
energy for the associated projective covariant unitary representations of C/ 2 (H) is also described by 
Corollary IbI 

The situation discussed in this paper is a model case in which a rather detailed analysis of the 
positive energy condition can be carried out. For every triple (G,R,a), where G is a Lie group 
and a: R —> Aut(G) defines a continuous action, it is a challenging natural problem to determine 
the irreducible positive energy representations (7r,H) of the topological group G^ := G Xq, R. As a 
consequence of the Borchers-Arveson Theorem 1 [BR87I Theorem 3.2.46]), for any such representation, 
the restriction p := 'k\c is irreducible (see [Neel4l Theorem 2.5]) and the Hamiltonian of the extension 
to G** is uniquely determined up to an additive constant determining the minimal energy level. Given 
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a, the set of irreducible positive energy representations of can therefore be considered as a subset 
Ga of the set G of equivalence classes of irreducible unitary representations of G and one would like 
to determine this subset as explicitly as possible. In this paper this task is carried out for the subset 
Ghw of “highest weight representations” of G = Ui{'H) in the case where a is given by conjugation 
with diagonal operators. Here Corollary |B] achieves in the Lie algebra context something similar as the 
Borchers-Arveson Theorem which also reduces the study of positive energy representations to minimal 
energy representations. 

One can even show that the representation of the centrally extended group U 2 {'H) extends to a 
group Gres containing a copy of the centraliser D of the diagonal operator diag((Aj)jgj) in U{'H) (see 
[Nee041 Theorem VII.18] for the Aj-case). Here G is a finite product Hmez unitary 

groups where the factors correspond to the subsets Jm '■= {j £ J | \j = to}. The corresponding 
extension ^ to G-es is a unitary Lie group representation for which one would like to understand the 
convex cone of all elements X £ Ures in the Lie algebra for which the operator —idn^X) is positive. 
If X is diagonal, this problem is solved by Theorem lAl if we put xi^j) ■= but the general case 
requires refined information on convex hulls of adjoint orbits (see [NeelOj for similar problems). We 
plan to address this issue in a separate paper because it is of a functional analytic flavour, whereas 
the present paper is purely algebraic. 

Notation. Throughout this paper, we denote by N = {1, 2, ... } the set of positive natural numbers. 


2. Preliminaries 

2.1. Locally finite root systems. Let J be an infinite set and let V := CV:= be the free 
vector space over J, with canonical basis {cj \ j € J} and standard scalar product {ej,ek) = Sjk- In 
the dual space V* = we consider the linearly independent system {ej := e* | j £ J} defined by 

^j(^^k) ^jk- 

Any infinite irreducible (possibly non-reduced) locally finite root system A can be described inside 
V* for some suitable set J, and is of one of the following types ( [LN041 §8]): 

'■= {G - Efe \ € J, j ^ fcj, 

Bj := {±ej,±{ej ± Ck) \ j,k € J, j ^ fcj, 

Gj := {±2ej,±(ej ± €k) \ j,k £ J, j ^ fcj, 

:= {±(g ± efe) \ j,k€ J, j ^ fc}, 

BCj := {±ej,±2ej,±(ej ± Ck) \ j,k e J, j ^ fcj. 

For X £ {A, B,G, D, BG}, we will write A(Aj) for the above locally finite root system of type Xj. 
Note that the root systems of type Aj, Bj, Gj and Dj are reduced, whereas A{BGj) is non-reduced. 

2.2. The Weyl group of A. Let Sj denote the symmetric group on J, which we view as a subgroup 

of GL(V) with w € Sj acting as w{ej) := Given a permutation w € Sj with fixed-point set 

I Q J, we call the set J \ I the support of w. We denote by < Sj the subgroup of restricted 
permutations, namely, the set ofw G Sj with finite support. Note that S'(j) < GL(V) stabilises V; we 
will also view S'(j) as a subgroup of GL(V). 

We next view {±1}'^ C as a subgroup of GL(V), acting by (componentwise) left multiplication: 
a{ej) = a-jCj for a = {aj)j^j £ Given some cr = {aj)j^j £ we call the subset 

I = {j £ J \ aj = —1} of J the support of cr. We denote by the set of all a £ {±1}'^ with 

finite support. Again, we may also view {±1}*^'^) as a subgroup of GL(V). Finally, we let 
denote the index 2 subgroup of {±1}*''^\ whose elements have a support of even cardinality. 

Let X £ {A, B,C, D, BC}. We denote by IF = IF(Aj) the Weyl group corresponding to A(Aj), 
which we view as a subgroup of GL(F) or GL(F). We then have the following descriptions f [LN04l 
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§9]): 

W{Aj) = S(j), 

W{Bj) = W{Cj) = W{BCj) = S(j) K 
W{Dj) = S^j) K {±1}^^^ 

2.3. The positive energy condition. Let X S {A,B^C,D,BC} and set W = W{Xj). Fix some 
tuples A = {Xj)j^j G and y = G M'^. 

Definition 2.1. We say that the triple (J, A, y) satisfies the positive energy condition (PEC) for W 
if the set X{W.x — x) is bounded from below. Here, we view A as the linear functional 

A! V —y M ! e j i —y X j , 

and W-x — y as a subset of V, by writing y as y = J2jej S V. More precisely, recall from 1 12.21 
that any element of W may be written as a product aw~^ for some a G and some w G <S'(j). 

Then 

crw-^-X - X = X! i^w-^j)dje^-iy) - djCj) = ^ (crjd^(j) - dj)ej G V. 
j&J j£J 

Note that for any a G and w G S'(j), we have 

( 2 . 1 ) Xiaw-\x - X) = XI - dj). 

In particular, given two disjoint finite subsets • ■ • fik] and {ji,j2) • • • ,jfc} of J, the product w 

of the k transpositions ti, ..., G S'(j), where Tg interchanges is and js (s = 1, ..., k), is an element 
of S'(j) and we have 

k 

(2-2) A(w;.y-y) = A(w;“\y - y) = X (V “ -djj- 

S = 1 

We record for future reference the following so-called rearrangement inequality. 

Lemma 2.2. Let ai < 02 < • • • < a„ and bi < b 2 bn be two non-decreasing sequences of real 

numbers. Let also (ci,... , Cn) be a permutation 0/ ( 61 ,..., bn). Then 

n n n 

^ ) aibi ^ ^ ) UjCj ^ ^ ) aibn.\-l — i. 
i—1 i—1 i=l 

3. A FEW DEFINITIONS AND NOTATIONS 

Fix some set J, as well as two tuples A = {Xj)j^j G and y = {dj)j^j G R*^. We define the 
functions 

D I J —^ R I J I —y dj and A '. J —^ R i j 1 —y Xj. 

We set 

m-min = inf A( J) G R U {— 00} and rumax = sup A(J) G R U {00}. 

We call the triple (J, A, y) nontrivial if A is non-constant, so that niniin m-max- 
For each n G R, we set 

Jn ■= A“^(n), 

so that J = IJ^ Jn ■ Given some r G R, we also define the sets 

= {j S dn I dj > r} and J<'’ = {j G Jn \ dj < r}. 

Finally, we let A°°(J) denote the set of all m G A(J) such that Jm is infinite, and we set 

A°°( J) := (A~( J) U {mrnin, nimax}) n R. 

Definition 3.1. We call (J, A, y) essentially bounded if for all m G A( J), the following two conditions 
are satisfied: 


6 


TIMOTHEE MARQUIS AND KARL-HERMANN NEEB 


(1) If m ^ then D{Jm) is bounded below. 

(2) If m ^ rrinun, then D{Jm) is bounded above. 

Definition 3 . 2 . Given a subset I of J, we call r g M an accumulation point for I if either r is an 
accumulation point for D{I), or if D{I') = {r} for some infinite subset I' C /. 

Definition 3 . 3 . Assume that (J, A,x) is essentially bounded and nontrivial. Let m € A°°(J). 

(1) If m 7 ^ mmin, Wmax, then D{ Jm) is bounded, and hence Jm possesses an accumulation point. 
In this case, we let and rf^^ respectively denote the minimal and maximal accumulation 
points of Jm- 

(2) If m = minin, then D{Jm) is bounded below. If Jm has an accumulation point, we let r™'" 
denote the minimal one. Otherwise, we set r™'” = oo. 

(3) If TO = TOniax, then D[Jm) is bounded above. If Jm has an accumulation point, we let rf}f^ 
denote the maximal one. Otherwise, we set rf^^ = —oo. 

The following lemma, which easily follows from the definitions, provides the geometric picture to 
be kept in mind for the rest of this paper. 

Lemma 3 . 4 . Assume that (J, A,x) is essentially hounded and nontrivial. Let to g K°°{J). 

(1) If m ^ rumin, ™inax: then for each e > 0, there is some finite subset A C Jm such that 

D(J™\A)C[r™-e,C“ + e]. 

(2) If m = TOniin o.nd r™™ ^ oo, then for each e > 0, there is some finite subset A C Jm such that 

D{Jm\Ie) C [C“-e,(X)[. 

(3) If m = TOmax o-nd r'f^^ 7 ^ — 00 , then for each e > 0, there is some finite subset A C Jm such 
that 

^(Jm\/.)C]-oo,rr" + e]. 

Before proceeding with the study of the PEC, we need to introduce one more concept. 

Definition 3.5. Given r g R, we call a subset A of J of the form or Jf^'^ summable (with respect 

to (J, A,x)) if 

■= - ’’I < oo- 

je/r 

4. Consequences of the PEC for W{Aj) 

In this section, we fix some infinite set J and some tuples A = {Xj)j^j g R*^ and x = {dj)jej g R*^, 
and we assume that (J, A,x) satisfies the PEC for W = W{Aj). 

Lemma 4 . 1 . Let to, n g R with m < n. 

(1) If Jm^ and Jff^ are both nonempty for some r g R, then D{Jfff) and D^Jff^) are bounded. 

(2) If Jm o,rid Jn are both nonempty, then D{Jm) (resp. D{Jn)) is bounded below (resp. above). 

Proof. To prove (1), assume for a contradiction that D{Jf)f) is unbounded, and for each fc g N, let 
jk g Jfif such that dj^, < —k. Pick any j g J>’'. Consider for each fc g N the transposition Tk g W 
exchanging j and jk ■ It then follows from ( 12.211 that 

A('rfe.x - x) = (Aj - - dj) = {n- m){dj,^ - dj) < -(n - m){k + dj) 

for all fc g N, contradicting the PEC for W. The proof that D{J)f'^) is bounded is similar. 

We now turn to the proof of ( 2 ). Assume that Jm and J„ are nonempty. We prove that D{Jm) is 
bounded below, the proof for D{Jn) being similar. Let r g R be such that Jf)^ is nonempty. If is 
empty, then inf D{Jm) > r. is nonempty, then D{Jm) is bounded by ( 1 ), and hence D{Jm) is 

bounded below, as desired. □ 

Lemma 4 . 2 . Let TO,n g R with m < n, and let r g R. Assume that Jf)’~ is infinite. Then Jm is 
finite for all t < r. 
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Proof. Assume for a contradiction that is infinite for some t < r. Let { 11 , 72 ,...} (resp. 

be an infinite countable subset of (resp. For each fc e N, let Wk € W he 

the product of the k transpositions ri,..., , where interchanges ig and jg (s S N). It then follows 

from (12.211 that 

k k 

Kwk-X-X) = - K){dis -djJ = - djJ < -{n - m){r - t)k 

S=1 S=1 

for all fc S N, contradicting the PEC for W. □ 

Lemma 4.3. Let m,n G M with m < n. Then there exists at most one r G M such that and 
are both infinite. 

Proof. Assume that Jfff and Jff'' are both infinite for two different values of r, say ri < r 2 . Using 
Lemma 14.21 with r = r2 and t = ri then yields the desired contradiction. □ 


Lemma 4.4. If{J,X,x) satisfies the PEC for W{Aj), it is essentially bounded. 

Proof. Let m G A(J). If m ^ A°°(J), then D{Jm) is finite, hence bounded, and there is nothing to 
prove. Assume now that m G A°°{J). If m 7 ^ rn^nx, then there is some n G A(J) such that m < n. 
Since Jn 0, Lemma HdT 21 implies that D{Jm) is bounded below, as desired. Similarly, if m 7 ^ mmin, 
so that there exists some n G A(J) with m > n, Lemma [4.11 21 implies that D{Jm) is bounded above, 
proving the claim. □ 


Proposition 4.5. Assume that (J, A,x) satisfies the PEC for W = W{Aj). Let m,n G A°“(J) be 
such that m < n. Then one of the following assertions holds. 

(1) r™^^ < r™'”. In this case, there is some r G M such that and are both finite. 

(2) = r™'”. In this case, Jm and Jn " are both summable. 


Proof. Note first that (J, A,x) is essentially bounded by Lemma HU] and nontrivial by hypothesis, so 
that and are defined. 

If m = TOinin and = 00 , so that D{Jm) is bounded below and Jm has no accumulation point, 
then Jfffi is finite for any r G M. Since in addition D{Jn) is bounded above, so that is finite 
for some large enough r, the statement (1) is satisfied. Similarly, if n = mmax and r^^^ = — 00 , the 
statement (1) is satisfied, and we may thus assume from now on that r^^,r'ff^^ G M. 

We distinguish three cases. 


It then follows from Lemma lBTH that Jfffi and Jff'^ are both finite for any r G 
Hence (1) is satisfied in this case. 


. with; 


< r < r" 


Set r = = r™’". We now prove that and must be both summable, so that (2) is 

satisfied. By Lemma 13.41 the sets Jm~^^^ and Jn^^^^^ are finite for each fe G N, so that J^ = 


UfeeN dm ^ ” and J^"^ — d^ 


>r+l/fe 


are at most countable. 


If Jfifif and J>'^ are both finite, there is nothing to prove. Assume now that at least one of Jfifif and 
Jff'^ is infinite, say Jfiffi (the other case being similar). Write Jfiffi = { 71 , 72 , ... }. We distinguish two 
cases. 

Assume first that J^’' is infinite. Write J^^ = {ji,42, ■ ■ ■ }■ For each /c G N, let Wk & W he the 
product of the transpositions ti, ..., r^, where Tg is the transposition exchanging ig and jg (s G N). It 
then follows from ( 12.211 that 


k k 

Kwk-X -X) = Y1 “ ^Js)(.dj„ - dij = {m - n)J2 (djs “ dij. 

S=1 s—1 
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In particular, 

OO 

mUX{wk.X - X)} = -{n - m)Y^ - r + r - dij =-{n - m)(S(J>’') + S(J<'')). 

kGN 

s—1 

Hence and must be both summable, as desired. 

Assume next that is finite. In particular is summable, and it thus remains to show that 
is also summable. Fix some e > 0 and some sequence of positive real numbers such 

that ^ Since r is an accumulation point for J„, there is some infinite countable subset 

{ji, j 2 , ■ • ■} C J„ such that dj^ > max(di^,r — eg) for each s e N. For each fc G N, let Wk G VF be the 
product of the transpositions ti, ..., t^, where Tg is the transposition exchanging ig and jg (s G N). It 
then follows from (j2.2|l that 

k k 

Kwk-x-x) = ^iK -dij = {m-n)J2idjs - d^J. 

S^l S^l 

In particular, 

OO 

inf{A(u;fc.x-x)} = -{n-m)J2idjs - r + r - d,J < -(n - m)(-e + S( J<'’)). 

s=l 

Hence must be summable, as desired. 

Case 3 : > r““. 

Let r G R be such that < r < Since r™*" is an accumulation point for Jm, the set is 

infinite. Similarly, since is an accnmulation point for J„, the set is infinite. Since there are 
infinitely many r G R with r™" < r < Lemma H751 then yields a contradiction in this case. This 

concludes the proof of the proposition. □ 

5. Characterisation of the PEC for A bounded and discrete 

In this section, we let J denote some infinite set and A = and x = (dj)j^j some tuples 

in R"^. In order to characterise the PEC for the triple (J, A,x), we will need to make some finiteness 
assumption on A. 

Definition 5.1. We call A bounded (resp. discrete) if the subset A(J) of R is bounded (resp. discrete). 
Definition 5.2. Given a set J and a tuple A = (Aj)jgj G R*^, we define the following cones in R*^: 
Cniin(A, Aj) = ^[dj)j^j G R I G T : Aj < A^ v di ^ 

Cmin(A, Bj) = {{dj)j(zj G R-^ I Vj G J : Xjdj < 0 and Vi,j G J : |Ai| < \Xj\ \di\ < \dj\}. 

We also define the sub-vector space i^{J) = {idj)j^j G R*^ | Mil < oo} of 

Proposition 5.3. Let X G {A,B} and set W = W{Xj). For a triple (J, A,x), the following are 

equivalent: 

(1) inf X{W.x — x) = 0, i-e., X{w.x — x) ^ 0 for all w G W. 

(2) xeC'„,i„(A,Xj). 

Proof. We first deal with the case X = A. If x ^ C'min(A, Aj), then there exist some i,j G J with 
Xi < Xj and di < dj. Denoting by ic G IF the transposition exchanging i and j, we deduce from (12.2p 
that 

Hw-x - x) = (Aj - Xi){di -dj) < 0 , 

so that inf A(IF.x — x) < 0. 

Assume conversely that x G C'niin(A, Aj) and let tc G IF = S(^jy Let I be some finite subset of J 
containing the support of w. By assumption, we may then write I = {ii ,..., ik\ so that 

Aj^ ^ • * * ^ Xi^ and di^ ^ ^ dif^ • 
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Together with m, the rearrangement inequality then implies that 

k k 

X{w~^.X-x) = -dij = 0 . 

S=1 S=1 

Hence inf \{W.x — x) = 0, as desired. 

We next deal with the case X = B. If x ^ C'min(A, Bj), then either there exists some j G J such 
that Xjdj > 0, or else Xkdk < 0 for all A: £ J and there exist some i,j £ J with |Ai| < |Aj| and 
\di\ > \dj\. In the first case, denoting by cr £ IT the element of with support {j}, we deduce 

from HUD that 

A(ct-X - x) = -“^Xjdj < 0. 

In the second case, denoting by w £ S'(j) the transposition exchanging i and j, and by ct = {ak)keJ an 
element of {±1}^'^^ with support in {i,j} satisfying aiXidj = —|Aidj| and ajXjdi = —|Ajdi|, we deduce 
from mi that 

X{(7w~^.X - x) = Xi{aidj - di) + Xj{ajd^ - dj) = (|Ai| - |Aj|)(|(ij| - \dj\) < 0. 

In both cases, we deduce that inf A(IT.x — y) < 0. 

Assume conversely that x £ C'min(A, Hj) and let w £ ^(j) and a = £ {±1}^'^^. Let / 

be some finite subset of J containing the supports of w and a. By assumption, we may then write 
I = {ii,, ik} so that 

|AiJ < ••• < |A,J and |d„ | < • • • < MiJ. 

Since moreover Xi^di^ = —for all s = we deduce from (12.111 and the rearrangement 

inequality that 

k k k 

X(aw-^.X-x) = -d^^)>Y^ |A*J(-|d„(*,)| + |d*J) > ^ |A^J(-|d^J + M^J) = 0. 

S=1 S=1 S=1 

Hence inf A(IT.x — x) = 0, as desired. □ 

Lemma 5.4. Let X £ {A,i?}. Assume that X is bounded and that x £ Then (J, A,x) satisfies 

the PEC for IT(Aj). 

Proof. Write A = {Xj)j^j and x = {dj)j^j, so that C := J2jeJ ^ ^ ^ 

Then for all cr = {aj)j^j £ {±1}^'^^ and w £ 5(7), we have 

A(cru;“\x - X) = ^Xj{ajd^(j) - dj) > -XI ^ {\d^(j)\ + \dj\) = -2MC. 
jeJ jeJ 

Since a and w were arbitrary, this proves the claim. □ 

Lemma 5.5. Let X £ {A,B}. Assume that X is bounded. Then for all x' £ the triple (J, A, x) 

satisfies the PEC for W(Xj) if and only if the triple (J, A, x + x') satisfies the PEC for W(Xj). 

Proof. Set IT = IT(Xj), and assume that (J, A,x) satisfies the PEC for IT. Since 

inf A(lT.(x + x') - (X + x')) > inf A(IT.x - x) + inf A(IT.x' - x'). 

the triple (J, A, x + x') then satisfies the PEC for IT by Lemma [531 Replacing X hy x + X^ nnd x' by 
—X^ the converse follows. □ 

Note that, up to now, we only refered to the locally finite root systems of type Aj and Bj. We now 
prove that these are indeed the only cases to be considered. 

Lemma 5.6. Assume that (J, A,x) satisfies the PEC for W{Bj) or W{Dj). Then 

\Xjdj \ < oo, where J+ := {j £ J | Xjdj > 0}. 

3&J+ 
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Proof. Note first that since W{Dj) = S(^j) k < W{Bj), the PEC for W{Bj) implies the PEC 

for W{Dj). We may thus assume that (J, A,x) satisfies the PEC for W{Dj). If is finite, there is 
nothing to prove. Assume now that J+ is infinite. Eor each finite subset I C J"*" of even cardinality, 
let ( 7 / S {± 1 ) 2 '^^ with support I. Then 

inf A(VE(i:>j).x-x) < A(cr/.x - x) = -2^X^di = - 2 ^|Aid,|. 

iG/ iG/ 

Since J2jeJ+ supremum of all sums ^ ^ finite subset of J'^ of even 

cardinality, the claim follows. □ 

Lemma 5.7. Assume that (J, A,x) satisfies the PEC for W{Dj). Let m,n G A(J) with \m\ < \n\. 
Then D(Jm) is bounded. 

Proof. Assume for a contradiction that D{Jm) is unbounded, and choose some infinite countable set 
{zq, Zi,...} C such that \di^ | > s for all s S N. Let also j G Jn- Fix some s G N, and let w G S'(j) 

be the transposition exchanging j and is- Let also a = G with support in {j, zo,*s} 

be such that mai^dj = —\mdj\ and najdi^ = — |ndi^|. It then follows from (j2.1D that 

A(tTzz;“bx - X) = m{aigdig - dig) + m{ai^dj - d^J +n{ajdi^ - dj) 

< 2\md,g\ + \m\ ■ {-\dj\ + |d,J) + |n| • {-\difi + \dj\) 

= 2\md,g\ - (|n| - |m|)(|fiij - \dj\) 

< 2\md^g\ - (|rz| - |m|)(s - \dj\). 

Hence 

inf A(IE(i:)j).X-x) < 2 |TOd,J - (|n| - |m|)(s - \dj\). 

As s £ N was arbitrary, this contradicts the PEC for W{Dj), as desired. □ 

Lemma 5.8. Let X G {B,C, D, BC}, and assume that A is bounded and discrete. Then (J, A, x) 
satisfies the PEC for W{Xj) if and only if it satisfies the PEC for W{Bj). 

Proof. For X = B,C,BC, there is nothing to prove. Since W{Dj) < W{Bj), it is also clear that 
the PEC for W{Bj) implies the PEC for W{Dj). Assume now that (J, A, x) satisfies the PEC for 
W{Dj) = S(^j) K {± 1 ) 2 '^^ and let us prove that it also satisfies the PEC for W{Bj) = S(^j) k 
I f A(J) = {to} is a one-element set and (J, A,x) satisfies the PEC for W{Dj), then 

inf A(IE(Dj).x — x) = inf | — 2 to c?j| > —00 

implies 

inf A(W(Hj).x-x) = > - 00 , 

jeF 

where the above infima are taken over finite subsets F of J. We therefore assume that |A(J)| > 2. 

We distinguish two cases. Assume first that J has no accumulation point. Since A( J) is finite, there 
exists some to G A°°(J). Thus D[Jm) is unbounded. Lemma [5171 then implies that |to| > \n\ for all 
n G A(J). Similarly, if n G A°“(J), then D{Jn) is unbounded and hence |rz| = \m\. In other words, 
A°“(J) C {±to} and \m\ = max{|TOniin|, |nzmax|}- Thus either A°“(J) = {to} C {TOmin,TOmax} with 
|to| = maxjgj |Aj|, or else to 7 ^ 0 and A°°(J) = {±to} = {TOmin, nzmax}- 

Since (J, A, x) is essentially bounded by Lemma ITITI and |A(J)| > 2, the sets L)[Jm^^fi) and E>{Jm^.^) 
are respectively bounded above and below. As J has no accumulation point, this implies that the sets 
and are finite. Note also that the set 


S — {j ^ I 7^ ^min? ^max} 
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is finite because A°°(J) C {mmin, Wmax} and A(J) is finite. In particular, the tuple 
defined by 


d' 


dj if j G S' U U . , 

J ”‘'max "^Tnin' 

0 otherwise 




belongs to Thus by Lemma [?751 we may replace without loss of generality X by y — x^- In other 

words, we may assume that 


T^(dmniin) — aud D — {O} for all 71 ^ nr^iax- 

If Jm„in (resp. Jm^ax) i® finite, we may, by a similar argument, assume that d?(Jm„in) = {0} (resp. 
D{Jm^ax) = {0})- On the other hand, if (resp. is infinite, then D{Jm^.^) (resp. 

D{Jmmax)) is unbounded by hypothesis, and hence rrimin S 0 (resp. mmax > 0) by Lemma 

If A°°(J) = {m} with |m| = maxjgj|Aj|, we may thus assume that mD{Jm) C (—oo, 0] and 
that D{Jn) = {0} for all n ^ m. If A°°(J) = {±m} = {wmin,nimax} is a 2-element set, we may 
similarly assume that ±mD{J±m) Q (—oo,0] and that D{Jn) = {0} for all n ^ ±m. In both cases, 
X G C'min(A, Bj). Hence (J, A,x) satisfies the PEC for W{Bj) by Proposition [5l3l 

We next assume that J has some accumulation point r G R. Set M = sup^gj |Aj|. Let e > 0 and let 
S be an infinite subset of J such that D{S) C [r — e, r -|- e]. Let a = {aj)j^j € {±l}Oi and w € 
and let I be some finite subset of J containing the supports of cr and w. Pick any i G S \ I, and let 
r = {Tj)j^j G {±1}0) with support contained in {i} be such that rcr G {±l}Oi. It then follows from 
(j2.1|l that 

X{<Tw~^.X - X) = X! “ ^ 3 ) = X! - dj) - Xi{Tidi - di) 

jeJ 3&J 

> X{Taw~^.x - x) - 2M(|r| -h e). 


Hence 

inf A(IT(Hj).x-x) > inf A(IT(i:)j).x - x) - 2 M(|r| + e). 

This concludes the proof of the lemma. 


□ 


Remark 5.9. For each X G {A, B,C, D, BC}, let C'min(A,Xj) denote the set of x G such that 
inf A(IT(X 7 ).x — x) = 0- Note that, by Proposition [Ol this is consistent with Definition 15.21 

For X G {C,BC}, we have W{Xj) = IT(i?j), and hence C'min(A, Alj) = C'i„in(A, Hj). In order to 
determine C'min(A, Dj), we associate to each x = {dj)j£j G the (possibly empty) set 

I™™ := {t G J I |Ai| = inf jA^I and \di\ = inf IdjI}. 

Note that C'i„in(A, Bj) C C'inin(A, Dj) because W{Dj) < W{Bj). One can then check, as in the proof 
of Proposition E31 (or directly from [HN121 Corollary 3.2]), that x € C'i„in(A, Dj) if and only if either 
X G C'min(A, Bj), or else atx G C'min(A, Bj) for some i G where G {±l}i‘^i has support {i}. As 
this fact will not be needed in our characterisation of the positive energy condition (see Lemma EH]), 
we leave it as an exercise. 


We first characterise the PEC for W{Aj). 

Theorem 5.10. Let J be a set, and let X = {Xj)j^j and x = {dj)j^j be elements o/R'^. Assume that 
X is discrete and bounded. Then the following are equivalent: 

(1) (J, A, x) satisfies the PEC for W(Aj). 

(2) xeC'„in(A,Aj)+^i(J). 

Proof. The implication (2) (1) readily follows from Proposition 15.31 and Lemma [5.51 Assume 

now that (J, A, x) satisfies the PEC for W{Aj), and let us prove that, up to substracting from x some 
element of f^(T), one has x S C'i„in(A, Aj). Since x € C'min(A, Aj) if A is constant, we may assume 
that (J, A, x) is nontrivial, that is, LUmax- Moreover, note that (J, A, x) is essentially bounded 

by Lemma 14.41 
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By assumption, A( J) is finite. Write J) = A°°(J) U {mmin, ^max} = ■ ■ ■, so that 

^min — ^0 ^ <^ * * * <^ TT'k — ^max 

for some A: > 1. Proposition 14.51 then implies that 

min ^ max ^ min > . . . > ^niax ^ ^min ^ max 

'no — ' ni — ' ni — — ' Uk-i — rik-i — rik ’ 

For each i e {1,..., A:}, we set 

•f min „max ^ to 
' nt-i ^ nt ^ 

if < = 1, r™ = oo and G K, 
if f = fc, = —oo and r™™ G R, 
if t = fc = 1, r“™ = oo and r™“ = —oo, 

Tno >ai>r^^ > > 02 > • • • > au-i > > Ofc > . 

We also set oq := 00 and ak+i ■= — 00 . Fix some t G {0,1,..., k}. We claim that the tuple Xt = {dj)jeJ 
defined by 

{ dj - at+i if j G Jnt and dj < at+i, 

dj - at if j G Jnt and dj > at, 

0 otherwise 

is in 

Let /+ (resp. /_) denote the set of j G such that dj > at (resp. dj < at+i). We have to show 
that 

\dj — at \ <00 and \dj — at+i \ < 00 . 

ieJ+ 3 &I- 

We prove this for the proof for /_ being similar. Since if t = 0, the set Ij. is empty, we may assume 
that t G {1,..., fc}. Moreover, since at > r™”, the set /+ is finite as soon as at > Note that this 

includes in particular the case where t = k and = — 00 , in which case D{Jnt) is bounded above 
and Jnt has no accumulation point, as well as the case where t = 1, r™" = 00 and G R, in which 
case at = + 1 > Hence we may also assume that at = G R and that G R. But 

then = at = and hence the conclusion follows from Proposition 031 

Thus Ei=o Xt G fi{J)- Hence, up to replacing x by y — Et=o Xt, we may assume that 
(5.1) D{Jnt) 'J [at+i,at] for alH = 0,1,..., fc. 

We next define the tuple x' = {d'j)j^j by 

d' — { ^3 ~ ^3 ^ ^id) \ h°°{J) and rit-i < Xj < rtt, 

■1 {0 otherwise. 

Since the set of j G J with Xj G A(J) \ A°°(J) is finite, x' ^ i^{J)- Moreover, it follows from (|5.1I1 
that X~ x' ^ C'niin(A, Aj). This concludes the proof of the theorem. □ 

Before characterising the PEC for W{Bj), we need one more lemma. For a tuple ly = {vj)j^j G R*^, 
we put 

kl := (l'^jl)ieJ S R"'. 

Lemma 5.11. Assume that (J, A,x) satisfies the PEC for W{Bj). Then (J,—|A|,|x|) satisfies the 
PEC for W[Aj). 

Proof. Let w G *S'(j), and let / be some finite subset of J containing the support of w. Let cr = 
{aj)j^j G {±1}^“^^ with support in / be such that XjUjdyjO) = ~\Xjdtn{j) \ for all j G /. It then follows 
from m that 

-|A|(w-\|x| - Ixl) = ■ (\dtn{j)\ - \dj\) >'^Xj{(j^dn,o) -dj) = Xiaw-\x-x)- 

3^1 3^1 


at = 


l^/^min I 
2 V nt-i 
„max I 1 
' nt 

^min _ ^ 


so that 
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Hence 

inf (- \X\{W{Aj).\x\ - IxD) > inf A(TH(Hj).x-x), 

as desired. □ 

Theorem 5.12. Let J be a set, and let A = (Aj)jgj and x = he elements Assume that 

A is discrete and hounded. Then the following are equivalent: 

(1) (J, A, x) satisfies the PEC for W{Bj). 

( 2 ) X^C^in{\Bj)+e{J). 

Proof. The implication (2) (1) readily follows from Proposition 15.31 and Lemma [5.51 Assume 

now that (J, A, x) satisfies the PEC for W(Bj) and let us prove that, up to substracting from x some 
element of one has x G Cmin(A, Bj). 

Since (J, —|A|, |x|) satishes the PEC for W{Aj) by Lemma [5.111 we know from Theorem 15.101 that 

IXI GC^min(-|AUj)+fl(J). 

Let a = e {±1}'^ be such that cjjdj > 0 for all j S J. In other words, |x| = ax- Hence 

X G crC'min(—|A|, Aj) +<7C{J). Note that Up to substracting from x some element of 

£^(J), we may thus assume without loss of generality that 

(5.2) X G CrC'inin(-|A|, Aj). 

Note that we may in addition assume that (J, A,x) satisfies the PEC for W{Bj) by Lemma ESI We 
deduce from (15.211 that |x| G C'i„in(—|A|, Aj), so that 

(5.3) Vi,je J: |A,| < |A,| ^ |d,| < |d,|. 

On the other hand, Lemma 15.61 implies that 

\dj \ < oo, where J+ := {j € J \ Xjdj > 0}. 

16 J+ 

In particular, the tuple x' = defined by 

, ^ f 2dj if j G J+, 

•i 0 otherwise 

belongs to f^(J). Since X ~ x' = where a' = {al)j^j £ {±1}“^ has support J+, the tuple 
X — x' still satisfies the condition (I5.3|l . with dj replaced by dj — d' for all j £ J. Therefore, up to 
substracting x' G from x, we may assume that Xjdj < 0 for all j £ J and that (15.311 holds, so 

that X G C'min(A, i3j), as desired. □ 


6. Proof of Theorem El 

By |LN04] , the root system A of the locally finite split simple Lie algebra g over K = C is isomorphic 
to one of the root systems A = A(Aj) for X £ {A, B, C, Bj described in lf2.1l where the Cartan 
subalgebra f) (resp. a one-dimensional extension of fi if A = A) is identified with Vc := U (8 )r C = 
span^lej | j £ J}. The identification of Vc with ()* (resp. a one-dimensional extension of f)*) induced 
by the assignment ej ej {j £ J) yields in turn an identification of the Weyl group W < GL(f]*) of 
g with the Weyl group W{Xj) defined in 112.21 

Let A G h* be discrete and bounded. Then the restriction of A to U is real valued, and A is 
determined by the tuple {Xj)j^j £ M.'' defined by Xj = X{ej), j £ J. Identifying A with this tuple, A 
is then discrete and bounded in the sense of Definition o 

Similarly, the character x'- t R is the restriction of a Z-linear map 

X: spanzlcj | j e J} ^ R : dj, 

and is thus determined by the tuple {dj)j^j £ M'^. Note that Z[A] = span^jej \ j £ J} in all cases, 
except for A = A{Aj), in which case Z[A] is the corank 1 submodule {J2jej I = 0} 

of span^lej | j £ J}. Hence, either x = x, or else A = A(Aj) and x is determined by x up to a 
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constant. As W{Aj) = ^(j), modifying y by a constant does not modify the value of the inhmum of 
x{W{Aj).X — A). We may thus safely replace y by x, which we identify with the tuple {dj)j^j £ 
Finally, with the above identihcations, we have for all a € and w € S'(j) that 

xio"w.X — X) = Xf i^w(,i)^w(j) ~ ~ y ~ dj) = ^ ^ ~ ^j) 

jGJ jeJ jeJ 

= ^( H - ej)) = a(u;-V. ^ djCj - djCj^ 

jGJ jeJ jeJ 

= X{{aw)~^.x - x), 

and hence 

inf x(hF-A - A) = inf A(W.x - x)- 

In particular, the condition infx(IF.A — A) > —oo in the statement of Theorem lAl is equivalent to 
requiring the triple (J, A,x) with A = {Xj)j^j and x = {dj)jGJ to satisfy the PEC for W = W{Xj) in 
the sense of Definition O 

For X = A, Theorem |A] thus sums up Proposition 15.31 and Theorem 15.101 Since C'i„in(A, i?j) C 
C'niin(A, Dj) (see Bemark 15.911 and since the PEC for W{Bj), W{Cj) and W{Dj) are equivalent 
by Lemma [5.81 the conclusion of Theorem lAl for X £ {B,C,D} follows from Proposition 15.31 and 

Theorem [233 n 
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